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Abbreviated abstract: This study proposes a generalization of the classical and of the robust versions
of the local bootstrap for periodogram statistics for incomplete stationary time series by replacing the
series with its amplitude modulated version. A Monte Carlo experiment was conducted to compare the
performance of the proposed bootstrap methodologies, to estimate 95% confidence intervals for the
parameters of autoregressive time series via the Whittle estimator. The daily mean concentration of the
particulate matter (PM10) data was used to illustrate the proposed methodologies in a real application.
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Problem, Data, Previous Works
• Main Motivation: Occurrence in real applications of missing data and outliers. The Figure below 

display this phenomenon in the Inhalable Particulate Matter (PM10) data observed in Vitória, Brazil.

• Why Amplitude Modulation? The presence of missing data makes a time series no longer have equally 
spaced observations. Therefore an attractive alternative is to replace the series by its amplitude 
modulated version which can be handled as a stationary sequence of equally spaced observations. 

• Robustness for Local Bootstrap with Missing Data: Paparoditis and Politis (1999) proposed the local 
bootstrap in the periodogram, Fajardo et al. (2018) proposed the robust M-periodogram and Parzen
(1963) developed the amplitude modulation theory. However, a classical and a robust version of the 
local bootstrap for time series in the presence of missing data has not been developed yet.

• Idea: We propose the use of the local bootstrap in the periodogram and in the M-periodogram of the 
amplitude modulated version of a time series as, respectively, a classical and a robust method to 
estimate confidence intervals of parameters of time series models in the presence of missing data. 
The proposed approaches are compared with each other through Monte Carlo experiments. 
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Methods
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If only the observations at times 1 < 𝑛1 < 𝑛2 < ⋯ < 𝑛𝑀 < 𝑁 of a sample 𝑋1, 𝑋2, … , 𝑋𝑁 of a causal stochastic 
process 𝑋𝑡 𝑡∈ℤ are available, one alternative is to define the amplitude modulated sequence

𝑌𝑡 = 𝑎𝑡𝑋𝑡 , 𝑡 = 1,2,… , 𝑁,
where

𝑎𝑡 = ൝
1, if 𝑡 = 𝑛𝑗 for some 𝑗

0, if 𝑡 ≠ 𝑛𝑗 for all 𝑗

The bootstrap replicates 𝐼𝑁
∗ (𝜆𝑗), j = 0,1,… ,𝑁 − 1 of the classical 𝐼𝑌 𝜆𝑗 and the robust 𝐼𝑌,𝜓 𝜆𝑗 periodograms

can be obtained by letting, respectively, 𝐼𝑁(𝜆𝑗) = 𝐼𝑌 𝜆𝑗 and 𝐼𝑁(𝜆𝑗) = 𝐼𝑌,𝜓 𝜆𝑗 in the following algorithm:

1. Choose a resampling width 𝑘𝑁 where 𝑘𝑁 = 𝑘 𝑁 ∈ ℕ and 𝑘𝑁 ≤ [𝑁′/2] with 𝑁′ = 𝑁/2 .
2. Define i.i.d. discrete random variables 𝐽1, 𝐽2, … , 𝐽𝑁′ that assume values in {−𝑘𝑁, −𝑘𝑁 + 1,… , 𝑘𝑁} with 

probability 𝑃 𝐽𝑖 = 𝑠 = 𝑝𝑘𝑁,𝑠 for 𝑠 = 0,±1,… ,±𝑘𝑁.

3. The bootstrap periodogram in the presence of missing data can be defined by 𝐼𝑁
∗ (𝜆𝑗)= 𝐼𝑁 (𝜆𝐽𝑗+𝑗) for j =

0,1,… ,𝑁′, 𝐼𝑁
∗ (𝜆𝑗)= 𝐼𝑁

∗ (2𝜋 − 𝜆𝑗) for 𝑁′ + 1 ≤ 𝑗 ≤ 𝑁 − 1 and 𝐼𝑁
∗ 𝜆𝑗 = 0 for 𝜆𝑗 = 0.

Assumption: 𝑘𝑁 → ∞ as 𝑁 → ∞ such that 𝑘𝑁 = 𝑜(𝑁). Moreover, σ𝑠=−𝑘𝑁

𝑘𝑁 𝑝𝑘𝑁 = 1, 

𝑝𝑘𝑁,𝑠= 𝑝𝑘𝑁,−𝑠 and σ𝑠=−𝑘𝑁

𝑘𝑁 𝑝𝑘𝑁
2 → 0 as 𝑘𝑁 → ∞. 



Results and Conclusions
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• Monte Carlo Study
Samples 𝑋1, … , 𝑋𝑁 (𝑁 = 200) of AR 1 processes 𝑋𝑡 = 𝜙𝑋𝑡−1 + 𝜖𝑡 with 𝜙 = 0.5 and {𝜖𝑡} ~ 𝑖. 𝑖. 𝑑. 𝑁(0,1) were 
generated via 1000 trials with 5000 bootstrap replicates. Let 𝑍𝑡 = 𝑌𝑡 + 𝜔𝑉𝑡, where 𝑌𝑡 = 𝑎𝑡𝑋𝑡 with 𝑃 𝑎𝑡 = 1 =
𝑝𝑟𝑛𝑚 and 𝑃 𝑎𝑡 = 0 = 1 − 𝑝𝑟𝑛𝑚 where 𝑝𝑟𝑛𝑚 = 1 and 0.95, 𝜔 = 0 and 4, while {𝑉𝑡} are i.i.d. r.v. taking the 
values −1,0,1 with 𝑃 𝑉𝑡 = 0 = 1 − 𝑝𝑟𝑜𝑢𝑡, 𝑃 𝑉𝑡 = −1 = 𝑃 V𝑡 = 1 = 𝑝𝑟𝑜𝑢𝑡/2 where 𝑝𝑟𝑜𝑢𝑡 = 0 and 0.01.

• Application
We have applied the proposed methodologies to the PM10 of Downtown Vitória from 01/01/2018 to 05/15/2019. 

• Conclusions
The classical and the robust proposed methodologies are an alternative to estimate confidence intervals 

of parameters of stationary series, respectively, without and with additive outliers.


